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ON L.IMITING DISTRIBUTIONS OF ORDER STATISTICS

WIHI VARIABLE RANKS FROM STATIONARY SEOUENCES

Shihong Cheng

Peking University and University of North Carolina

Abstract

Let IX I be a stationary sequence and X(n ) !< X<n ) be the order statistics
nI n

(n)of X 1 ..., X . In this paper, the limiting distribution of % , where k n o
nn n

k /n ), 0 0sl is discussed under distributional mixing conditions. For stationaryn

normal sequences, the limiting distribution of % where kn/n n (0,1), is a
n

normal with mean zero and variance

20 r exp{-a2/(i+r)}
2 1+ 12 dr

n-O 0 (1-r ) 1 /2

if tile covariance {r n converges to zero as fast as n- " p>4. aX being the i-per-n

centile of the standard normal distribution.

Keywords: Order statistics, stationary sequences, limiting distribution, variahle
ranks.
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Let {X ) be a sequence of random variables and X (n)< ... "< X (n) be the order
n 1n

statistics of X 1 ..... Xn ' In this paper it is assumed that the senuence {X n } is

;tat iotiiry and that the ranks k ot" the orher statistics IX sati s!V the !'ol
n k

n
lowing condition:

k , o n - k o' k /n - X, (!<X!5
n n n

Since the case X=I is easily transformed to the case X=O, we discuss only the cases:

k - k /n X, 0!_x<l

The case X=O has been discussed by Watts, Rootz~n and Leadbetter 171. The case

O<X<I has been discussed by the present author [21, but the mixing condition in

121 is hard to check. Here we consider the cases X=O and 0<1<1 simultaneously,

tinder a distributional mixing condition used by Leadbetter [4].

51. Notation, assumptions, and introduction

Let {X I be a stationary sequence with finite dimensional distribution func-n

tions, {F. . (X." Xp) l_<jl<j2 <  }, and, in particular, marginal distri-

bution function F1(x) = F(x). Suppose that {u n } is a real sequence such that

k
(1.1) lim n [F(un) n _.] uvX ,.

n n n-
n

The distributional mixing coefficients of {X I with {u I are defined byn n

cx(ne) =

sup{IF p q~ u n)-F (un )F. . ujq()f: I1-iI<... <i < .. <j1"l q 1 .. f D -i

where F (u n FF.. (u ,n ., u n ) for any 1j 1-<j 2< .. <j <_n. Let

o(A1 ...,Ak) denote the field generated by sets A1,..., Ak and

(n,) =

, upfjp(AB)-p(A)p(B)j: Ac({X !WUn },jI, ... k),BLy([X.!5u. n in j~ k +f ' '.'.n ) 'l -k <k +1!5n I

.-.- e--
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Lemma 1. 1 For any measurable sets A,., A kv B1 ,..., B lelet

=sup{IP(A. A.Is B.3 ... B )t P(A.i1* A .A. )P(B.l ... B. )I:

Mhen we have Bi1 < ..- js!5,1 1 <..jt"f

(1 2) IP(A~ .** B ,. it ) - P(A. .- )P(B. .i )1! 2 S+t Y

for any s, 1!5ssk and t, l!5t!5Y where

A.. =i n A. ni n A]
1 s i.E{i ,i I Efi . . ., i

B. BI.] n [ n B.]
- 3 t jcfj 1,...,j} t jE{i 1,..., t} 1

Proof: It is easy to show that for any sets S, S1 ... I5,n

n -
P(SS I** .S n P(S) - I (-l)1 P(SS S.

P=I B i1 .. <p n 1- *l

Hence i47 fi.....i sI = {1,...,Sl, {j, ... , it={1.. t), (1.2) is obtained

from

XP( s..A sl**..AkBl ... BBtl... Bt - P(A ~A5 s A ~-A) I.. BtBtl 1... B )

!5 IP(A AB B P( A)P(Bt . B1)
s+V"* k t+i*** Bt) P k) t1"

+ Y P(A. . A .A A 1 .. .A kB t~ B Be )-P(Ai A . .A A1 .. * .A.1 P(B t i.. .B)
p=1 Isi 1< .. <i <S p 1 p

t

+ Y. <_ I < P(A +1 ...A.kBl.. ..B. i ~*,B)PA ... Ak)P(B i B . B Bt+i...Be)f
q=I 1<j 1< a<i5t q 1 q

5 t
+ y I P(A . ..A.i A S~.. .Ak Bj . .. B ...* B)

p-i i!;i 1 <...-- <i Js q1!j l<j . .. < q!t IS 1 -q

s t t P(A. A. .A. A ...-Ak)P(B.l ... B i B ...- B I

p4)O p q =0 q

-~ ~~ All.. .. h .

-- r 
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Ienote the indicator of the set A by IA and write

- I nj = Ini- F(un) T 11 1 /kl
Iij I {X . U n nj n

Let f and n be two sequences of positive integers such that t n n 5 n.n n n n

Def ine

(i-1) n+-n ) n i (fn 4n)

* ,n= Lnn ) + n .inj n)=(i-1)( n+-,Zn )+1  n n j=(i-1)(In4n)zn+

n

and = 1 I +1 Inj P where N [ n ] To obtain our results we need
j =Nnl( n+.n n n

N N
to dicus. the limitinq distrihitinns of )n n ri and n' As prelimi-

naries, we obtain the following lemmas.

Lemma 1.2 The following inequalities hold:

N
iI~~ n tN

(1.3) lEe k= 1 (e Cni t fn - n Z)i( -n

N

i n -

k -nkt iEn t N

(1.4) lEe k=l - (Ee nlt)  n, ! (n,n)

The above statements are still true if we use qnk' k=l,...,Nn instead of 'n nk '

k=l,...,N in (1.3) and (1.4).

Proof: By Dvoretzky's lemma 5.3 in [31, it follows that
N
Yik nkt i- t N

Eek(Ee )n

r r-1

N i kkt i I nkt . ty n jee k-.i -(Ee k- )(Ee inlt)I

r=1

NSn B(n, n)  <(n/Zn).(nZn)
r=1

JAI A



Noticing that N

IEe k=l nk (Ee ) ni t ) N (n/Q.B(n, n) _(n/n).B(n, n)n

we see that (1.3) holds for nk' k~l...,N n -

Write AI,A 2 "...,A(rl)Z B1  ..A B for {Xl'U n }  {XZ lun }  "l

2? +4  n (r-1)(Z 4l )+1
un } ..... {Xn- n<u n I respectively and

r &nkt  i- rt
( k=l n

ft I1 . .. A(r-1)e ) =  t I 1. .. IB =e
n ntA A at suc Boints

Let ft(p) be tne value of the random variable ft 0 A A(r)ln at such Points

that p of I i= n.,(r-1) are equal to Oand all others are I Then we have
1

Eftt = ft(O)gt (0)P(A1 '''A(r-1) BI' " )
ni n

pl 1<J "''A<A nB .

(r -1) n

+ gt(0) 1 ft(p) P(A n B

n n ft (P) P't (q) P nB.

p 1  li <... <ip<_(r-l)Z n o-1 l<Jl<..< q n .

Since (1.2) holds (including s=O or t=O) and Ift (P)I = IQt(P)l = 1 for any oq, (1.4)

follows from i IN n - t

jEe k=l nk (Ee iE nlt N Nn IEftRt - EftEe ti
r=1

n (r)n n n n )2+q
!5ct(n,. n )  V n2n

r=l n=0 q=O P q

M . -.
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r=l

In the same way, we can show that

N

r) A n rt N n N r n,
_Ee - (Ee n n 3 (n n)

I r=1

comnleting the proof of the lemma.

Lemma 1.3 If lim(n/kd'F(un ) = 1, then
n

n

(1.5) ET . I -< C n,) + C + C t Eln 1
l_<i<j'<k<_Z ni nj nk - 1 n 2 n2 3 n =l n i+

where C I ,C 2 C3 are constants.

Proof: Using stationarity of the process, we obtain

Z-2 7 -s-I
n nEl nklInj I nk I (Zn -S-t)E-Inl -1ns¢ ~1n~~l_<i<Ji<k_ 5 5=k t=In1t+

Since

El nl I ns n s +t l =P(X<-u nX s<u n x 
s t <u) - F(un)[P(Xl<_u n x s + -un)

+ P(X<-Un,+ s+t+l U n + P(Xs+l£UnXs+t+l<Un + 2Fn3(Uns,

it follows that

-2 Z -s-1
n n1I Y . ( -s-t)EI I" I !

(Zn- t-l n nI ns+l ns+t+l
n

-2? -s-i
n n 2

Y I{F ru )-F(u )F (us. 2II F(
ns t~l ,sl,st (u n (n)s+l,s+tl ,s+ n n

n

+ IF ~~(Un)-F 2 (Un) {}  3Z3((n 'Zn)

and in the same way that



-3S (Z -s-t)E7 T T !5 3.e~n,
s=:l n nl ns+1 ns+t+l nl n

n

Noticingo that

El I Jtn,+ [1-2F(u ))ET nlT s~ + 4F2 (un )[l-F(un 1 wehv

ni n n
Y (n -s-t)ET nlTnI Tn~~ I S E Tn T nsA

s~1 t= l n nI s~+ s=1 lfll

t -1

4e nenF (u n)[l-F(u)nJ n ZI-2F(u ) E- ll ns1
s=1

zek n

nj+

so thait the lemma is nroved.

fern'.a 1. 4 If lim (n/k *F(un) :-1, then
n

ET. T T J ~c~c(nje + Ct F
ni ni nk nel - 1 n n 2 n S nin~

- n

S -1

where C, 2 C 3 C C are constants. sl n+

Proof: Using stationarity of the process we obtain

Z-3 Z-s-2 Z-s-u-i
n n n

(t -stuE I T
n!1 I= nkIn i=Y , 7 - l ns+1 ns+t+l ns+t+ti+L

Sincc

nl ns+1 ns~t+l ns+t+u+1 I,s~1,s+t+l,s+t+u+l (un -Fu )Fi l,s+1,s+t+l (un

+ ,S+i,s+t+u+l (un )+F1,s+t+1,s+t+u+l (un )+FItlt l( )

+ F 2 (un fF ( )+F Is+t+l u )+ I,s+t~u+i ( n )Fi,t+i ( n )F1,t+11+ (u n

+FIU (u) -3F(u )
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it follows in the same way as in the proof of lemma 1.2 that

e-13 -s-2 7 -s-u-i
n n n

14t

-1 -s- -s(u - s--)I I I7 (
Y,~ u=Z n-StUE n1i ns+l ns+t+1 ns+t+u+1l<7n_ fln

n

Writing

FT I I I [F (u )-F (u F (u1
n1 ns+1 ns+t+l ns+t+u+l l,S+1,s+t4-1,S+t+U+1 n l,s+1~ n ) 1+1 nl

- F(uI )F IS+ls+t+ 1 n )-F(u n )F ls+ (u n )]F(u n )[F I,~~~~~~ -F(u n)J. 'l+ (u9 n

" F2 11n IFIO~ t l u ) T. 2 u ) + F ( n)I 1 s~~u l,u n +)-F u + ~ i

" F 2(11n )[FP~~ (u )-F (u + F (U )F tu (u )- (u j

- ~In ,s+,+t+ ~ n u" ~ n nF l,s+t~ n

- F(I I (,~ tu)- On (u n )F IU (u) 1  + 1(u)-F (u )-F2( )11L+ un)F2Nl

we also have

-1 e-1 f -s-u-i
ni n n

7 es-t-u)EI I I I +~ ~ xn 1 )n n1= n=e l~ nstl ns nu1' n

F inI TM we cain show that

n, nn

Hence the lemma is proved.

§2. Some limit theorems

We introduce the following assumptions:

Assumption 1: For some sequence of positive integers,
n1

(2.1) (n/k112 -$(nje)- 0 (~n
n n



[kl/2
n

(2.2) lim(n/k ),Y El nlI nj+l

(2.3) lim(n/k3/2 •  i Elnlnj+i = 0
n j=1

Assumption II. For some sequence {1/} of positive integers,

(2.3) 1n/]e ) 0 (n -0

anld (2.2), (2.3) hold.

It is obvious that the constant in (2.2) may be different i the seuce'

.u } is changed. But we can show that U must be the same for any {u I satisfvinc

1.1) with some real u.

Lemma 2.1 If (2.1) or (2.4) holds for some t O(n 1/ f then (2.2 and (2.3)

hold, if and only if

n
r. - -

(2.2)' lim(n/kn)- EI n1 Inil=
n j=l -

f -1
£n1

(2.3) 1lim(n/k 3/2. T 0
n ni jElnl nj+l 0.

n i=

Furthermore, if (1.1) holds for some uER, we can use

f -1
n 2

(2.2)" lim(n/kn)" !  [P(XlIa(k n/n), Xj <a(k n/n)) - (k /n)2] =
n j= 1n

e -1
3/ n

(2.3)" lim(n/k" 2 Y j[P(X1 -a(kn/n), X <a(k nn)) - (k n/n)] = 0
n j=l

instead of (2.2)' and (2.3)' respectively in the above statements. In (2.2)" and

(2 .3)"',

W.'W .... 1 -- ]J.



a n-O if F(a n) - k nn - k n/n - F(a n-0)
(kn /ui)an

a n if F(a ) - k n/n < k /n - F(a n-O)

where a is a real number such that F(a n-0) !5 k /n _ F(a n ), and the event !X .a -n ~n n n i

is defined as {X.<a }.
I n

Proof: The first part of the lemma follows from

[k"121-1

i/k , n ET<1(n/R )-[k112] 1 (nje 0nI 1-T nj+1 n TI n
n

[kn  ]-

n ~/- 1 2

T I <(n/k /),[kl/ 2 ]2a(n,fn 0
n --n ni+l n n n

n

Now we show the second Part. By the definition of a(k n/n), it is easy to see that

JF(a(k nn)) - k /ni < IF(x) -k /ni for any x. Therefore we have

f -1 t -1
n n
7 E-I 7 Eln1 ni+l - i/k. [P(X 1 _<a(kn/n), X +<a(k n/n)) - (k n/n]

-1

in

2(n/k,). y  [IFt ) - F(a(k /n))I + IF(u,) - kn/nll

j=ln k/ 3

": (f( n/kln/) (n/kl/2)'IF(U ) - k /n+ 0 .

This proves that (2.2)" and (2.2)' are equivalent. In the same way, we can show

that (2.3)" is equivalent to (2.3)'.

N N
I n n

Let Sn= 7.- f nnk +  I n-nk +  n"j=1 k=l k=1

... .4 .. " " _ .. " " " " ', ' . *1 "



]I'

We now start to discuss the limiting distribution of nn

Ienuma 2. 2 If assumption I or II holds for some = o(k and
n n

(2.S) Iir nF(u )/k = ,
n

then

.--- C
P (5x

f and only if
iFnl t Nn

(2.7) lim (Fe =

6 ) or (2.7' hoId- tN have

.8) .(t) = f e( d(x).

Proof: Let [ [k112]' If n - Nn(n ) , we have
n n n fl n n'

2 < 2 k

0_ EC /k 0

n-n(n+Zn> nwe also have
n n n n

n-N (n+n)

n = v {[n-Nn (fn )]F(u)11-F(un)] + 2 [n-N n( n Tn .7IInlni+l }

n j=l

n n -1 2

C/N + I- - nElnl nj+lI + - jEInl.Inj + 2 k (nj -n 0
n n i =1+ n j=1 n

Hence by Chebyshev's inequality, it follows that

S0 [P]

Since E)n = 0, we have

l - - N Fn 2  t2/2 = (t/2)(N / F(rU ) [I1-F(Unl + 2 ne n-OFTl
n n nl i---i

M 0
A6-REV pow



n2 1]

-l e -
n n n n n

I - n n + 1 1 r2 ni nj+l
n D) n

i .n lt  I in it N

i C. Fe I + O(-) Therefore lir (Ee I) = . By using lemma 1.2, this
N*
n n

implies that N

nn N

i n nt

k=llir Ee = 1, i.e.
n

N

From the above argument, it follows that (2.6) is equivalent to P( Y k x)- 4' (x), i...
k=l

N

lim Fe k1 'nk t= 44t)
n

where J,(t) is defined by (2.8). Using lemma 1.2 again, we see that (2.6) and (2.)

are equivalent. Hence the lemma is proved.

lemma 2.3 If assumption I or II holds for some = n(in(k / 1 2  and (2.5)
1, emmkl/ -)),nandn ,.1/

n n k
holds, then 1 n

jE, t N - [o+ -(1-M)t-
lir (Ee ) n=e

n

Proof: From Taylor's formula, it is easy to show that

'e it (it k I tn+l
- y.(t--L t n=O 1 2,., V t

k=O k! - (n+l)!

Therefore, taking n=3, we have

i nt (it 3
Fe, c -l-itEFn (it)2 Et 1m2! E - 3! E 1

. I

- • 'f I .
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2 t t 41,4Ele -nl (it) n (it) 3  3 n I

2 !.2 I 3! 'nl 4!

Noticing that E& = 0, the lemma can be proved if we show that

E2 2 1 [(1-)+2o + o(1

n n

-3 1 -A
n 0 N El n1 N(-

n n

which is equivalent to

(2.9) N EFn - (1-)) + 2c,
Nn Eml

(2.10D) N n~ 0

_. in F., - 0
n n1

Since tinder assumption I or TI,

-2 N -1nn

NE, 2  = k {nF(Un)[1-F(Un + 2 y (Z n-j)Elnlni+l}
n j=l

N F(u )(1 -F(u)1 2N Z nl 2N z n
n n n n n El - n. Y * (1- ) +

k T I nj+l k . " - nl nj+l
n n j=l n j -l

(2.9) is obvious. To prove (2.10), we expand

N LE 3N 2- 6N
-3n n nEnj ni n) 3/2n2.i(2.12) NnEg 1 3 jEl .n- El~ .1 nj k/ ? EI .1

J7 j=l i~ j k i<j<k n nj nk
n n n

For the first term on the right hand of (2.12), we have

N n N 3 1Ek- j l J1 < --. I ET 1!1-2F(Un" I- F(Un Il-F(In]I

n n

NoticinR that E2.! = [l-2F(u )]ET . we havenl nj n n nj'

-*Ar.
A61W-r~v
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n
ET E 2.7 2[1-V:(L 11~ (f -j)EI Ini n 2 n n nl ni+1

j=1

Therefore, for the second tem on the right hand of (2.12), it follows that

n C I n n~~3N ET. . _ NI - I n 0

k3/ 2 i n n n1 n+
n n

Lastly. by using lemma 1.3, we obtain

ON2 k/212 e n -i
6N n

nl .j < n ° n ( n)*C n n +C n n El I o.
i<i<k nn nj - k n .n1 i+l'

n n

Hence (2.10) holds. To prove (2.12), expand

N( N 4N 6N
=4 --n -n E + n-"-'2.7

'..3 N nn F- -- ~ nI 1-7 II + Il'~
V.3 nE k n1 kn j nt nj -ni nj"k" k' / i<)

n n n

I 2N 24 N
+~ El2I . + -T Y E i

------ i Elni nj nk k i<i<k<e ni ni nk n "
n j<k n

For the first term on the right hand of (2.13), it follows that

nn '4 N nn ) C_
E -- F(u n )[l-F(u n )] [1-3F(un  + 3F-(un)I < 0

k- k n
n n

Since EIl.7 [l-3F(u + 3F2 (u )]EI .1 for the second term, we also have
ni nj nn nii j'

N N z-1-n Y ET'.7 t< --a -(Z-j)EI. n
nk inj j-k k nii +n-

By using El .2 F (u )[l-F(u ) + [,-2F(u )] El . it is seen that

iii ni n n n ni njp

N NZ 2  NC 7'-1
n 2 -2 n n 2 2nnk2 i j ninj - F (n)[I-F n)] 2 i=1 ~- ~)7n j1

nn n =



Noticing that ElninjInk = l-2F(u n)E n.i1 nk +2F-(Un I -'(u )1 Tnnk T1

for the fourth term,

N~ C N Cok N n-) E " Y < 62--9 y tEni + 2n 7 r ?-I ,.i ,
• ni nink - ij ni nlk' Nn-k- lj4i

n i1i1k i n n

k- fl k -. i.~ nJ k N

Lastly, by lemma 1.4, it follows that I I
k i n; nk nk'

Nn

C n F I ri- ns+ +( + C

II f1 II

Ilcic 2 1'2) holds, and the lemma is proved.

From lemma 2.2 and 2.3, we obtain

lheoorem 2.1 If assumption I or I1 holds for some f o(min(k n l d2
n n 1/

K
holds, then (2.6) holds with

2

1 fX exn(- .t) dt =4(%J~x) - i/ 2 )
(211) ThX -a

xxwhere =i- (1-),)+2o, a(x) is the normal distribution function with mean 0 and vari-

ance I, and when cy = 0, ¢(-) is defined to be I for x -O and 0 for x<O. The above

statement is still true if (2.2)', (2.3)' are used instead of (2.2), (2.3) in as Ilnrn-

tion I and ITI.

Furthermore, using lemma 2.1, we obtain

Theorem 2.5 If (1.1) holds, and assumption I or II holds for some

o(min(k ,17)), then the conclusion of Theorem 2.4 follows. The conclusionnn
K
n

of rheorem 2.4 is still true if (2.2)", (2.3)" are used instead of (2.2), (2.3) in

assumptions I and II.

It is easy to show that if for some n o(k 1/2
n n

'



Is

(2.14) 1,m - )n ETl 0
k-- k ni nj~ln-* n =l1

then (2.2) and (2.3) hold with a=O. Therefore we obtain

Theorem 2.6 If (2.14) and one of (2.1) and (2.4) holds for some
S 1/2

o(min(k / , 4-))' ,then (2.6) holds with D (x) = 4(
n

§3. The results for general stationary processes

An i.i.d. sequence {n } is called the associated independent sequence of a

A
stationary sequence {X n if X has the same marginal d.f. F(x) as X . Smirnov [on n n

has shown that there are constants a >0 , b such thatn n

A(n) c
(3.1) P(XK < an x + b

n

if and only if

n ~ k nc 1/2

k
n

where u(x) is a nondecreasing, right continuous, (finite or infinite valued) real

function such that u(--) = lim u(x) = u(-) = lim u(x) = o. The relation he-
X--o X-),o

tween T(x) and u(x) is

(3.3 ) x) = Nu(x)).

In this paper, we will find the limiting distribution of X(n) under condition (3.2)
k

n
considering only the case in which O(u(x)) is not degenerate.

Theorem 3.1 Suppose that

1. there are an >0, b such that (3.2) holds with a continuous u(x),n n

2. for any un = anx+bn, xEB(u(o)) -= {x: lu(x) <00}, assumption I or II holds

1 I2 n1/2l

with some t n  o(min(k1 /2 n Then the real a in (2.2) is independent of x
n 

.
k
n 9

..-._ . -,, ,. - -
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and determined by (2.2)", and

(3.) ( n) <_axb ) ___(1- _
1/

(1.4) P (, k a x+b n) 4( u(x)), O>(3

Proof: According to theorem 2.5, we have

k~n n
P(X n)< anx+bn ) = P(S > f-n - F(a xbn M9k n n n k1/2 n n n1

n

- 1 (- (1-A) 1/2 u 4((1 -) 1/2-- u(x))

for all XEB(u(')). If u(x) + , then x x sup{x: u(x)<",I}. By taking x
0 ()

x n x and using the continuity of @(D) and u(.), it follows that

lir P(X () < ax+bn lim P(X n)< anxob lir P(X (n)< anxn+b
ax n n __ n on P(k n nx n

n i1 n n n n

1/2

= lim {(l1) U(Xn)) = 1
n A

i.e. lim P(X(n) < a x+b = ( 1/2 u(x)) still holds. Similarly we can show
n kn n

(3.4) also holds if u(x) = --. This proves the theorem.

From this theorem we know that under assumption I or II, the limiting distri-

X(n)_ hnx nk bn k -bn
biitinns of n and may be different. In fact, we have

a a
n n

Theorem 3.2 If there are a >0, b such that (3.2) holds with a continuous u(x),n n 1/2

(2.14) and either (2.1) or (2.4) holds with some tn = o(min(k11  ,74 for any
n ~ k

u = an x+h n, xEB(u(-)), then n

(3.5) P(X (n)a x + b D ~ (u(x))k n n
n

Proof: Notice (2.14) implies (2.2) and (2.3) with o=O.

v- - - .. ..



Theorem 3.3 If in theorem 3.1 or 3.2. {k is nondecreasing and )=0, then (3.1)

and (3.5) hold respcctively.

Proof: It is proved by Wu [81 that if {k } is nondecreasing then the only pos-
n

sihle types of limiting laws of {f(n} are 4(ui(x)), i=1,2,3, where
n

-, log (C>0)Ul (X) = x{

r -' x<0

-xlog x x>Ol (ox> O)

u3x) = x

The theorem follows from theorem 3.1 and 3.2, by noting that ui(x), i=l,2,3 are

cont i nuon s.

Smirnov [6] has shown that u(x) satisfying (3.2) need not be continuous if

0<,<l in (0.1). Therefore theorem 3.1 and 3.2 cannot be applied to this case, and

a special discussion is therefore needed.

Itmma 3.I If Xc(0,1) in (0.1) and B(nj) (or 3ngn,en)) tend to zero for some
S=O1/2)

n o(k ) n-* then
n n n

'N
I i. ,0 [p]n j=1 "

Le ~= 1/2 1/21

Proof: Let max(n1 (n,Z ), [k 1) andn n n

(i -i) (n+.en)+ +n ia n+n)

=n 1. ,Z),I j n. +1 I,
j=(i-l)(e n n)1 nj ni j=(i-1)( +Z )n+ n

n

n =N n( pn Zn 
)+I n.,

• - ... .... 4 h, ..,, -r .t,., --. - :, . : i g.



We have
I ~-Z2 1 z 2

k - n - k2  n n n 0.
n n

N g
1 In - 2 1 2  - nE( rn) -< (Nn Z <-- ] 0

k i=1 k- k
n n n n

so that r -* 0 [P] - n . 0 [P]. Noticing that under the condition,
n ni

of tile lemma,
N n n nl

i)n  V t iK- t N

le - (Ee n ) n < 1/2(n,e ) 0

and that
N N
n N n n n

- - 0 , we obtainE" n1 ' 2 in k kn
k- k n n
n n

1 N n n1

l im Ee n = =lim (Ee n ) n = I

I1 n

N
-i, henc 71ni 0 [P]. This proves the lemma.

.1 F n

i=1

lemma 3.5 Under the conditions of lemma 3.4, if for some real sequence {u n,n

0 < lim P(X n) < _ lim P(X (n) < < ) <
n n n n

then (2.5) holds.

Proof: If (2.5) does not hold, from Lemma 3.4 and the fact

(n) I n
P(X <u U p -. 7.- I - -- F (un))

nn
kn n Tj =1 n

we know that one of the two equations

li (i n) <1 o i-P(x(n),
k n , n k n

n n n

r'

Ai



Jo

must hold, contradicting the assumption of the lemma 3.5. Hence (2.5) must hold.

Theorem 3.6 Suppose that

1. Nc(0,l) in (0.1);

2. there are a >0, b such that (3.2) holds;n n

3. for any u = anX+bn, XEBl(u(O)) - {x: Iu(x)l < , x is a continuity pointI n n n

of u(x)}, assumption I or II holds for some R = o(k 1 /4 co- Then the real
in n in

in (2.2) is independent of x and determined by (2.2)", and (3.4) holds. Fur-

thermore, if conditions 1,2,(2.14) hold and either (2.1) or (2.4), with nOekn )
n n

e *', then (3.5) holds.
ii

Proof: It follows from theorem 2.5 that (3.4) holds for all XEB (u(-)). Thus it

is sufficient to show that

(3.(6 lim P(X (n)< a x+b ) = 1 , if u(x) =
k n n

n n

(3.7) lim P(X < a x+b ) = 0 , if u(x) =
n n

n in

If (3.6) is not true, we can choose a subsequence such that

lim P(X~n)_ an,x(nbn,) = < 1
n' n i

for some x., u(x O  = -. Taking x 1 EBl(U(.)), we have x1<X,, and therefore

0 < lim P(X(n') < a X +b) lim P(X (n)< a x +b = e < i

P(Xk n' n lin i k n- in 0i

According to lemma 3.5, this implies (2.5) with un, = an,x0 bn,. By usin

theorem 2.4, it follows that

O((IX) 1/  _ n' in'(-) 12U(X = lim 4)( f' k) -- ,-]

0--- 0 1(u' - i

(nin'

- lim P(X (n)5u 'c(,1lia k, i s '  n)= Ze(O,l)

- ~ ~ ~ ~ ~ ~ ~ ~ ~ n k, n:- n.. .,,J-- l , -WWI . - ', - - '
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This is contrary to (I

This isu(x ) t(o) = 1. Hence (3,6) must hold, and in

a similar way, we can show (3.7). Then the theorem follows,

If the rank sequence {k n satisfies
n

12k
(3.8) n t _oo<t< 0<A<1

Smirnov [()I has shown that the only possible non-degenerate types of limiting

1aws of x I are (.( W - t ), i=1,2,3,4, where
k
n C

W Cx

CxL X O (C>O, cx>O)

u, (x) 0 co x>O

(3.91
-CI ]Xl <O

u3 (x) = {cII <

C x x>-0 (C 1 , C 2 >0, >O)

-0o x<-l

u4 (x) = 0 -l1x<l

00 x_>

12and o = [X(l-A)] 1
. For stationary processes, similar results are obtained as

follows.

Theorem 3.7 If (3.8) holds, then under conditions 2 and 3 of theorem 3.6. (3.1)

holds, and u(x) in (3.4) is one of the four types

t
u(x) ui(x) - - =1,2,3,4

and the real a in (3.4) can be found as follows
00

(3.10) a 1 (P(X1 a(X), X. -a())  A2

•- *-- , • -- , . .. . . 111 :
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where'

{ a -O if F (a0 -- F(a -0)

if F(a ) -  , - F ( a X-0 )

and a,. is a real such that F(a. -O)><F(a\), and the event {X 5a -O} means

Proof: According to theorem 3.6 and Smirnov's results as above, it is sufficient

to ;how (3.10). Writing u = a x+h , XEB (U(')), we have

nn n
£-1 £ -l

7 IP <Un, X l_<Un)-F2(Un)] - 7 P(Xla(2) j a{a))-7<]

*' 1

n IIP(X 11 +u -P(X Ea( X)  X !a ( +)) IF-(u)- 2I]
i"l n ' j n 1J+

k k

n nn n n n ~!*X)-

So that
Z-1

n
I[P(X <aM), X -a(X))-X-] = lia Y [P(XI<a( , X i+a(\))-

= 1j+ n j=l

C-1
n

=- lim J [P(X I<u n , X +l<u n)-F(u n
)]

n j=1
£ -1

n
= X Irn m El I

n n j=l nlnj+l

Hence Theorem 3.7 holds.

§4. Example: The Normal Case

'et (X, n=1,2 ... } be a stationary normal sequence with

2EXn = 0 , EX =1 , EXlXn+l= r n n=l,2,

... .. I .- WN--"



In this section, we give some conditions on Ir such that the limitin! di ;tri-
(n)

butions of X (n )  exist for some special rank sequences ik
k n
n

1.cmmi -4 1 Ifi r 4) and

n -I U2
n(4.11 lin k1 " Jg j~r~i~exp(- _---.T. =0

n - n i

then (2.1) holds.

Prot f: The method of proving this lemma is a sliht ext ension of an argument , $

I.eadhetter, Lindgren and Rootz6n [7] . Let A. - :x.6 R ii 1. n n. un Rr

;InV tixed integer k,j, denote F Cn A Fk+ =  f- .. n

k i ' ~nk' k~i Till ~'n
Phen :ny AJ <u n , i=l ,...,k), Bfo{{XI <u n i=k+4+l,..,n can he represented

n 1..i n

is \ = \. ,A' Bc{\ cB where ANF , kF* Write fl(X . k ,. .. , )Ti k' k+g"' 1 .. .1-

for the densitv of (XI ... Xk; X . ) and fo(xlv..... k: ... V

f ol Xl, .... Ixk f 02(y I y'n-k-) where f01 and f 02 are the densities of (X

and (X ,X respectively. Let R and R be the covariance matrices of- I
1 0

11d t'" It is easy to -how -hat Rh = hR1+(U-h)R 0 is positive definite for sine

h. W(,,1 . riting fh(Xl ..., Xk,Yl ... 'Ynk-f ) for the density function of a

:ero-mean normal vector with covariance matrix Rh, we have

(1.2) P(AB) - P(A)P(B) = f... f ffl f dh]dxdy

= fl0 dh I f."f h)iy  dxdy

1! i:5k x A.y B t -k-t

where x = (t 1, y = (y ) Split the integral 'L .., ~-- - dxdv intoXk n-k-t xcX,yeB i xYi-k-e

four parts: for x n~x <-U n EY {Y -ke-<u } and xtAn {xi-un }, n fy j.-k-' un"



:,nd x, 1, x. n1 Y"B 1Y v -<U and xA; Iu. >u I '  v iy.k- t>U where

A AI,. .. A.. n i-I ' +i+ A " Ilk P {A nk+ f+ " n" , i 1' iA + .... nn

ci11 he done since N is a dis joint union of sets of" the form e 1 .C ,ht'r L --

or the complement of A and simi larly for B). Writing x v fr thc
n-

vcctor s xv without the component x. y. we have

" v h dxdvl
x-,( x.< i-k-C

n

f . . . 1f f h(x = 1 . - u )dX( i)d( i)

k h n --n d t h r e f o

R 1

2
2-1r .)1/2 exp (-- fFTT

u n--Iu
27('1-

A cnd the ame inequlities hold for other three parts of the integral. Since r n

n

te hive supir n <1, and therefore
n>l

n h nn n

f .. dxdvl!< C exp(- l i ii

1/2
xj AY,

1 r,)71 this and (1.2) it followi that

u n-1 u
P(AB) -P(A) P(B)I! - .r lo -n< C Y jjr lexp(_ i r- n

l~~i--k +- 1 i7 ) <  1~ r"lx( l+Tr- T )

11ece- (2.1) holds if (4.1) holds.

Acco)rding to theorem 3.5 and 3.7 of Cheng [1], we know that (3.2) holds for

kany k satisfying [0,1), if F(x) -- l(x) and a >0, b are defined by (b nh - n
n n n n n

1I/2  112
d ........- where V(x) is the density function of the standard normal

n n 4)(bn ) I

di'tribution 4(x). Using this fact, we discuss the limiting distribution of

. -



ordcr statistics from stationar\ normal sequences. Since the case '-0 i, ,

dicussed in I1, we consider only th' case . 0,1).

!emma A.-' If (.,(o,I) in (o.1) and r -O(n-(l1)) >3, then 1.1 holds fo,
I /I4

some ( o(n 1 ' ) and any u hich satisfies (1.1).
nn

Proof': To show (4.1) it is sufficient to show that

/2n-i 1u

ir I j I r lexp(- +1  
=

n J.

2

1.1 U

Since exp(- C7 1  exp(- - , this will follow if

11

lira n1 1  r" C n,}'i n / i r. x ( Ti) = 0
i • -~ -

n
-1

>ince 'i 1 and the inverse function ' (x) of (x) is continuous, we have

u where a, is defi Tied bv (a = N. aHence
T1

2
n-I u a n 1/ n-I11 3" ilr.Iexui(- -T-) Icxp(- -3l + 1]1i - .i 1 .i

i c 1 ---- ' -f( + 1

n n

/2 n-i 1 1/2
< CTI 11 Ci 112

1=e i l p - u

n

1/2 n-I 1n . ilr.ilexp(- --p- < (lognl) In 03 ) 4

. I - i

completing 'he proof of the lemma.

, A, S ,I.
• - ,, .--- -, . - - -..-- 4 . j
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jcxmi, 4.2 If W,19,1) in (0.1) and r * then
T!= 1

23

k 1 r exp(- -- '
1,( xJ- 1) x /

fl

I. ha IP(x\ bh -'b ) -2k y I' d
J ~ ~ lo (lr r

1 n n 2 _
v..41 1 i - bP ( : X ( ]-) I= 0

1 fl il n' -+l 1n

tor :mv C o(n 4 , C / c4, where a is the solution of the equation , .
01 n

P1-' I!' It ij e;isv to show that

2

k r. ex(-exL)
riN <h N .jn ) - = hr dr.

i ' i+i n I- -01  2

(l-r" 1 2

\nt ice t hat

C-i r r exp - 2
Cn .-l 2 5x+- l+r -~< .2 I

n ~ i n

-.... 1/ exp(- 1 dr

(Ir 1 +r-

vonelfIih expl- no -P- i-/2-- dr

0 f1 (-r') (+r)

-Cl1)-a3x i. rI% - 0_

r neXp(- -- ?[fence to show (LI.3), it is sufficient to show that the series n 1 fo 1/)2 dr

converges. This follows since

,-- *'- . . " .*,j_ . . t..



2

r exp(-_ dI r xpin) l+r ...e - i-+r) C E

n1= 0 ( / (- r 2 n/2

(4.3) is proved, and (4.41 can he shown in a similar way.

I.iom lemma 4.2, 4 .3 and theorem 3. , we mve

Theorem 4.4 If r = O(n-(1+Q)), P>3, thenn

(n) 1/2

lim P(X(n)<-a x+b ) x)
n k n n n 01n n

k
for any k such that -- - E(o,l), where

n n

ep-)

'f on rep- -+r)
(1-?-) + dr
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